Nonreciprocal (NOR) transmission with magneto-optical materials plays a critical role in a broad range of applications, such as optical isolation, all-optical signal processing, and integrated photonic circuits.
Optical nonreciprocity (ONR), characteristic of light to differentiate between opposite propagating directions, has become an active topic of scientific research [1, 2] . By using magneto-optical (MO) materials such as bismuth iron garnet (BIG) [3] and yttrium iron garnet (YIG) [4] , people can realize the corresponding optical nonreciprocal devices including optical isolators [5] [6] [7] [8] [9] and circulators [10] , which are the key components in optical communication system. However, the ONR effect of nature MO materials is too weak to be widely used in the actual applications. In order to boost the MO effect, diversified optical micro-structures with strong field localization have been put forward. As a kind of typical structure, one-dimensional (1-D) photonic crystals (PCs) with MO materials have been investigated widely [11] [12] [13] [14] . However, the MO effect still not strong enough for the significant NOR transmission behaviour, which we will do a detailed analysis in the text.
On the other hand, metamaterials (MMs) composed of sub-wavelength elements have attracted considerable attention as their permittivity and permeability can be designed flexibly [15] [16] [17] . As an intriguing class of MMs, epsilon-near-zero (ENZ) MMs have various fantastic applications such as directive emission devices [18] , energy squeezing [19] , electric field enhancement [20] [21] [22] , large optical nonlinearity [23] [24] [25] and strong optical activity [26] due to their critical permittivity. Recently, Davoyan et al. theoretically proposed the magnetized ENZ MMs and studied the propagation of electromagnetic waves in the bulk and at the surface of a magnetized ENZ medium [27] . Their remarkable finding of the magnetized ENZ medium enables the exploration of new regime about ONR.
In this paper, we show the first study on the ONR transmission in 1-D PCs with magnetized ENZ defect. Our theoretical results show that, in contrast to the conventional MO defect, the magnetized ENZ defect in 1-D PCs will significantly enhance the ONR transmission due to the large field localization in the ENZ medium. Furthermore, we study the dependence of ONR transmission on the incident angle, which helps us optimize the parameters for designing the ONR devices. Moreover, to further evaluate the operation performance quantitatively, we study the influence of the permittivity and the directional external magnetic field on the ONR transmission.
Our results provide a pathway to design the novel ONR devices with excellent performance by using ENZ medium.
We start with the study of the wave launching to a 1-D PC with magnetized ENZ defect, as shown schematically in Fig. 1 . The structure is denoted by (AB) 10 C(AB) 10 , where 1-D PC consists of alternative non-magnetized layers of ( , )  
 
BB [28] . Thus far, the magnetized epsilon-near-zero medium can be realized by the magnetized Drude parameters [2] or an unpaired Dirac point [29] . Supposing that the magnetization aligned with an external applied magnetic field is along the y direction, the permittivity  C of C is characterized by a dielectric tensor of the following form [14] :
where  c is the diagonal component of permittivity tensor and  is the off-diagonal element responsible for the "strength" of MO activity of the medium. The permeability of defect layer is
, and its thickness of defect layer
For such magnetized medium, TM and TE modes (H or E fields polarized along the y direction, respectively) are completely decoupled. Therefore, EM waves will maintain their initial polarization during propagation and 22  transfer matrix method can be used. Considering the TM wave propagating in the plane of xoz in our configuration, the electric and magnetic fields in different layer of PC can be written as [11, 12, 14] According to the continuity of the tangential electromagnetic field at the interface, we can obtain the transition matrix between th i layer and th j layer [11, 12, 14] ,
For the multilayer structures, the relationship between the input and output magnetic fields can be expressed
where i P is the usual propagating matrices 0 0
Finally, the transmission can be obtained by the following equation
parameters of magnetized ENZ material are
Here, for the convenience of comparison, we set the value of  of the magneto-optical coefficients as large as the value of BIG [14] . The most important physical parameter for an ENZ material is field intensity enhancement (FIE), which is defined as [21, 22] 22
where E1 and Ez2 are the amplitude of incident electric field and the longitudianal electric field in ENZ medium, respectively. The field enhancement for wide layer thickness and angular band is shown in Fig. 2 .
We can see that the thinner layer thickness and smaller incident angle will lead to the more significant FIE.
The values of FIE can be greater than 300. Therefore, combining the strong field location of ENZ layer with the localized defect mode, the MO effect will further enhanced.
Nextly we will study the ONR transmission in the 1-D PC with magnetized ENZ defect. We can find from Fig. 3(a) that the wavelength of defect modes are different for the forward and backward incidences when the light is obliquely incidented to the structure with the incident angle of 30   o . For back illumination, the transmitted peak appears at 707nm (blue dotted line). However, for front illumination, the transmitted peak appears at 690nm (red solid line). The wavelength shift of defect modes between back and front illumination reaches about 17nm which is 8% of the gap width. Moreover, the calculated results are in agreement with the simulations by using COMSOL MULTI-PHYSICS based on the finite-element method, as is shown in Fig. 3(c) . In results, the wavelength of transmitted peak of back illumination drops in the bandgap of the front illumination entirely. The results can be validated by simulating the propagation behaviors of electromagnetic waves at wavelength 707nm. For the front illumination, we can see from Fig. 3(e) that the input light (marked by cyan arrow) will be totally reflected (marked by the green arrow).
However, there is a significant change in the event of back illumination. In this situation, the input light will tunnel through the structure (marked by the yellow arrow) with a high transmission, as is illustrated in Fig.   3 (g). This transmission is come from the time-reversal symmetry breaking and an ONR transmission behavior occurs as the magnetized ENZ defect is introduced into the 1-D PC.
For comparison, we investigate another case that the magnetized ENZ defect is replaced by the BIG defect. In this situation, all the parameters are same as the previous case except that the permittivity of the defect is changed. The electromagnetic parameters of BIG are To take into account the influence of incident angle of electromagnetic wave, we calculate the dependence of ONR transmission on the incident angle. For the 1-D PC with magnetized ENZ defect, the wavelengths of transmission peaks for two incident directions will blue shift with an increase of incident angle, which is illustrated in Fig. 4(a) . On the other hand, the wavelength shift of defect modes between back and front illumination begins to increase and then decrease with the increase of incident angle  . The maximum 18nm is obtained at 33
 
o , which is shown in Fig. 4(c) . Although the PC with magnetized BIG defect also have the similar property (see Fig. 4(d) ), the ONR transmission is too weak to observation (see Fig. 4(b) ). The maximum of the wavelength shift just is 0.16nm, which is far less than the case of 
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